Introduction
Let A be an abelian variety defined over a number field k and A be its dual. Let k be a fixed algebraic closure of k. In [7] Néron constructed a height pairing · , · N between A k and A k and used it to define height functions attached to divisors on A. Moreover, by means of properties of the height pairing, Néron established the quadraticity of height functions associated to symmetric ample divisors.
The present work stems from the attempt to construct a height pairing for algebraic tori. It extends and refines results obtained by the author in his Ph. D. thesis ( [11] ) many years ago. In this paper we treat only the case of k-split tori, even though part of the construction can be carried over to affine algebraic groups.
Let G d m denote the standard k-split torus. The role of A is played by Rep(G d m ), the monoid of isomorphism classes of G d m -modules. The construction of the height pairing is done by attaching to each G d m -module E a height function h E which only depends on the isomorphism class of E. We define h E as follows: let ρ E : G d m → GL(E) denote the homomorphism associated to the G d m -module E. We set h E := h s •ρ E where h s denotes the spectral height on GL(E). For convenience of the reader we recall the definition and the main properties of the spectral height in Section 1; here we just want to stress that the spectral height is invariant under conjugation, and so h E only depends on the isomorphism class of E. We thus obtain a height pairing between Rep(G d m ) and G d m k , whose main properties are listed in Proposition 1.4. In particular we explicitly determine the kernels of the pairing. One main feature that is typically expected to be possessed by a height function is the finiteness of the set of points of bounded height.
Clearly not all heights associated to G d m -modules can enjoy this property, but in Theorem 1.3 we determine those who do. Let us go back for a moment to the abelian variety setting. Let L be a symmetric line bundle on A. Consider the associated isogeny ϕ L : A →Â, mapping a to t * a L ⊗ L −1 , where t a is the translation by a map on A. Then one defines the height
A possibile analogue in the case of k-split tori concerns the determination of H E , the group of symmetries of h E , which is defined as:
Ideally one would like to pin down H E for every G d m -module E, but at the present time this does not seem to be achievable. In this paper we compute H E in a few basic examples. Firstly we determine
is a maximal torus of GL(E). In particular we prove that if E = k d endowed with the standard action of G d m as diagonal matrices then H E is the group consisting of twisted permutation matrices, see Section 2 for definitions. Next suppose ρ E gives the standard realization of G d m as maximal torus of diagonal matrices of one of the following classical groups SL d+1 , Sp 2d , SO 2d+1 , and SO 2d (cf. Section 3 for the definitions). 
Our main result on symmetries can be stated as follows: (cf. Theorem 3.2 for the precise statement)
Theorem. Let E be one of the above G d m -modules. Then H E = W E . As the referee pointed out, our h E is a special case of a height function on toric varieties introduced by V. Malliot in [6] and later generalized by J. I. Burgos Gil, P. Philippon, and M. Sombra in [3] . This is evident if one compares our expression for h E given in formula (1.2), with the formula computing Malliot's height [6, Corollary 8.3.2] . Our approach is rather more elementary than the sophisticated Arakelov geometry techniques employed by Maillot and later by Burgos Gil, Philippon, and M. Sombra. Also the questions addressed here are of a different nature than those taken up in [6] and [3] as we are mostly interested in computing the group H E . The paper is organized as follows: in Section 1, after recalling some facts about the spectral height, we set up our notation about representations of 
Notations and conventions.
Let k be a number field. We denote by M k the set of places of k. We normalize absolute values as follows: if v is archimedean we require that | · | v restricted to Q is the standard archimedean absolute value, while if v is a finite place, say v|p, then we require that |p| v = p −1 . Let k v be the completion of k with respect to | · | v . We denote by n v the local degree, i.e.
where d is the degree of k over Q. With this normalization the product formula reads v∈M k |λ| nv v = 1.
Heights and representations
In this section we describe in detail the construction of the height associated to a G d m -module and prove some basic results about it. Let us start by recalling the definition of the Northcott-Weil height. Let k be an algebraic closure of k which we fix once and for all. The (absolute logarithmic) Northcott-Weil height on k n , is defined by setting h N W (0, . . . , 0) = 0 and
where (0, . . . , 0) = (x 1 , . . . , x n ) ∈ k n and l ⊃ k is any number field containing all the x i 's. Our normalization of absolute values implies that h N W does not depend on the choice of the field l (see e.g. [10, Chapter VIII, Proposition 5.4]). By the product formula it descends to a function, which also is denoted by h N W , on P n k . Next we recall the definition of the spectral height of linear operators on a k-vector space. Let E be a finite dimensional k-vector space. Given T ∈ GL(E) and v ∈ M k we also denote by T , by an abuse of notation, the linear transformation induced by T on
where sp(T ) denotes the set of characteristic roots of T in an algebraic closure of k v , and
for T not nilpotent. If T is nilpotent we set h s (T ) = 0. Let us recall the properties of spectral height that we need in the following [13, Section 2]:
is a homomorphism of algebraic groups. We often drop ρ E and use only E to denote a G-module.
1 The logarithmic spectral height can be regarded as the normalised or minimal height for all reasonable (logarithmic) height functions on End(E) (i.e. twisted heights [8, Section 1] or heights defined via adelic vector bundles [4, définition 2.1]). Namely let h be such a height. Set h op (T ) = sup e∈E {h(T (e)) − h(e)}. Then it can be proved that (see [13, Theorem A]) limm→∞
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The following properties of h E follow from the corresponding ones of h s :
Northcott's finiteness theorem (see [9, Section 2.4] ) states that the set
is finite for every B, C > 0. We want to determine for which G d m -module Northcott's theorem holds. We start with the following: 
The isomorphism is defined as follows: given a G d m -module E we can always decompose it as a direct sum of subspaces on which G d m acts by scalar multiplication via a character. Namely given χ ∈ Γ d the set
In the above isomorphism [E] is mapped to f
The isomorphism class of G-modules associated to any given
is the one containing (1) supp(f ) contains the trivial character ε 0 (2) E f has finite kernel.
By Northcott's theorem the latter set is finite, and hence E f satisfies property (N), which implies that E also does. Next we prove that if every
does not enjoy one between (1) and (2) then E f does not satisfy property (N). Let {χ 1 , . . . , χ n } = supp(f E ). Note that at least one of the χ i is not the trivial character, otherwise we are done. We can assume without loss of generality that χ 1 = ε 0 . Let η = (χ 1 ) −1 and set
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, the kernel of ρ F has to be an infinite subgroup, otherwise f F would satisfy both (1) and (2) 
where R + = {x ∈ R | x ≥ 0} is also regarded as monoid under addiction.
Before proving a few properties of the height pairing we need one more notation. Given ϕ ∈ Aut(G d m ) we denote by ϕ the automorphism induced by ϕ on both Γ d and N[Γ d ], the first one being defined by ϕ(χ) = χ • ϕ, the latter by ϕ
It is straightforward to verify that [E ϕ ] = ϕ([E]).
Proposition 1.4. The height pairing enjoys the following properties:
(1) [E ⊗ F ], g h = [E], [g] h + [F ], g h . (2) [E], g m h = m [E], g h . (3) [E], gg h ≤ [E], g h + [E], g h . (4) [E], ϕ(g) h = ϕ([E]), g h . (5
) The kernel on the left is the submonoid of isomorphism classes of isotypical G d m -modules. (6) The kernel on the right is the Tors(G
Proof. (1), (2), and (3) follow directly from (h6), (h3), and (h4) respectively. (4) is a straightforward computation. By (1.2) and the product formula, the height associated to an isotypical G d m -module is trivial. On the other hand if E is not isotypical, then using formula (1.2) it is immediate to verify that h E is not trivial, proving (5) . To prove (6) we first note that (h3) implies that the torsion subgroups of G d m k lies in the right kernel. On the other hand, if g is not torsion, then there exists a character χ such that χ(g) is not a root of unity. Let [E] be the isomorphism class of
Remark 1.5. If in our construction of the height pairing we had used
where log + (x) = max{log(x), 0} instead of h s , then the resulting height pairing would have been a non-degenerate pairing between Rep(G d m ) and
Symmetries for G d m as maximal torus of GL d
We now undertake the study of the group of symmetries for heights associated to G d m -modules. After a few general remarks we concentrate, in this and the following section, on specific examples.
We start by fixing our notations and conventions about endomorphism Let E be a G d m -module, recall that the group of symmetries of h E is
Clearly H E depends only on the isomorphism class [E] of E.
Proof. Let ϕ belong to H E , then
Therefore ϕ belongs to H E , and the lemma follows. 
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The main result of this section is the explicit determination of H e . Since the spectral height is invariant under scalar multiplication we have that h e is invariant under the action of G m k on 
We start by noting that det(A + J χ ) = det( t A + t J χ ). Therefore it suffices to prove that det( t A + t J χ ) = ±1 if and only if χ, ϕ
Next note that t J χ can be viewed as the product of the m×1 matrix t (1, . . . , 1) with the 1×m matrix (m 1 , . . . , m d ) . Using Sylvester determinant identity det(I + BC) = det(I + CB) we find that
proving the lemma.
Let S d denote the group of permutations on d elements. Let A σ be the permutation matrix associated to σ ∈ S d , we set
i , we have:
Therefore by Lemma 2.2, ϕ χ σ belongs to GL d (Z), and hence to P d , if and only if (χ) = 0 or −2.
Since ϕ σ 1 and ϕ σ 2 are just permutations of the coordinates we have
and ( ϕ 2 (χ 1 )) = (χ 1 ) .
Now we have two cases:
(a) (
and so ψ −1 ∈ P d , completing the proof of the lemma.
The following notation will be used throughout the rest of the paper. Given a character χ we let G d m [χ] denote the kernel of χ. Furthermore we set
Proof. We assume that d > 2, for the case d = 1 is trivial and the case d = 2 can be dealt by computations similar, but simpler, to the one we carry out below. It is straightforward to check that H e ⊃ P d . Next suppose that ϕ A belongs to H e , where A = (a ij ). Set
, which for appropriate choice of g 1 and g 2 is strictly bigger than h e (g) = h N W (1, ε j (g), ε k (g)). Thus it cannot happen a hj = R j and R k = a hk with k = j, hence for each j there exists a unique h j ∈ {1, . . . , n} such that
As a consequence of Proposition 2. 4 
Symmetries for G d
m -module of classical type In this section we consider the realizations of G d m as the maximal torus of some classical groups and determine their group of symmetries. We briefly recall that the definiton of the groups under consideration, the reader is advised to consult [5] for details. The special linear group SL d+1 (k) consists of the matrices of determinant 1 in GL d+1 (k). The symplectic group Sp 2d (k), consists of all A ∈ GL 2d (k) such that
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Next we want to define the orthogonal groups SO 2d+1 (k) and SO 2d (k), to do this we need two additional matrices:
In Tables 3.1 
is one of the isomorphism class of Table 1 , we then say that E is of cmt-type. If E is of cmt-type, we then set Thus W a is the subgroup of Aut(G d m ) generated by P d and the γ 's. In order to be able to prove that actually H a = W a we need the following explicit characterization for the elements of then γ = ϕ C and so every γ satisfies condition (2) . Thus every element of W a satisfies either (1) or (2) . It remains to show that any ϕ A , with A
